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Introduction
•To understand the wide array of problems from a va-

riety of fields such that colloidal lithography, or to
study the unusual fluid-like state of viruses, there are
many models to study these problem and one of those
is interacting particles moving on a manifold.
• In our problem, we study an elastic ring on which n

particles are confined to move along. The problem
is approached using control and optimization theory
allowing us to simulate the behavior of the system.
We study the possible bifurcations that occur for the
two and three-particle cases when modifying the in-
teraction strength and propose a general scheme of
bifurcations that will happen for the general case.

Optimization problem
The system reaches equilibrium when its energy is min-
imized. In this case, the problem is to

minimize
xi,ui,li

n∑
i,j=1
j>i

V (xi(0), xj(0)) +

n∑
i=1

∫ li

0

1

2
(ui)2 dsi

subject to
dxi

dsi
=

cos(xi3)sin(xi3)
ui


x1(0) = xn(ln) =

00
0


xi+1(0) = xi(li) i ∈ {1, . . . , n− 1}
n∑
i=1

li = 1.

The position at arc length si on segment i will be de-
noted by (xi1(s

i), xi2(s
i)). The angle at arc length si be-

tween the horizontal axis and the tangent direction to
the rod will be denoted by xi3(s

i). Furthermore, ui(si)
will denote the curvature of segment i at arc length si.
The location of particle i is given by xi(0), and each
pair of particles along the rod interact through the po-
tential energy function

V (xi, xj) = V0

(√
(xi1 − xj1)

2 + (xi2 − xj2)
2 −Req

)2

.

Simulation for two and three particles

Figure 1: Three equilibria branches that arise from a pitchfork
bifurcation.

Figure 2: Three equilibria branches that arise from the second
pitchfork bifurcation on 2 particles.

Figure 3: Three equilibria branches that arise from the first pitch-
fork bifurcation for the three-particle case.

Figure 4: Three equilibria branches that arise from a pitchfork
bifurcation on the right branch of Figure 3 .

Bifurcation diagrams for two and three particles
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Figure 5: Bifurcation diagram for the two particles case with
V0 = 2000. There are two pitchfork bifurcations indicated by
the two arrows. The left arrow is visualized on Figure 2. The
right arrow is visualized on Figure 1.
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Figure 6: Bifurcation diagram for the three particles case with
V0 = 1000. There are two pitchfork bifurcations (modulo sym-
metries) indicated by the two arrows. The left arrow is visualized
on Figure 4. The right arrow is visualized on Figure 3.

Results & Conclusions

•Propose a way of studying this minimization problem
using control theory tools by reducing it to a bound-
ary value problem of an ordinary differential equa-
tion.

•Characterize, for the two and three particle case, the
bifurcation profiles for different interaction strength
between the particles.

•Propose a general structure for the bifurcation profile
in the general case of n particles, where different bi-
furcated branches correspond to different number of
clusters of particles formed on the ring.

Future Plans
• Improve efficiency of the code, use dynamical system

toolboxes (such as AUTO or CoCo), and/or run it on
a computer cluster.
•Consider other potentials such as the Lennard-Jones

Potential:

VLJ(x
i, xj) = ε

[(req
r

)12
−
(req
r

)6]
.

•Analytically study the bifurcations happening at the
circle solution.
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